The execution of the solution, by the separation of variables process, of the Poisson, diffusion, and wave equations (homogeneous or nonhomogeneous) in rectangular, cylindrical, or spherical coordinate systems, with Dirichlet, Neumann, Robin, singular, periodic, or Sommerfeld boundary conditions, can be carried out in the time, Laplace, or frequency domains by a decision-tree process, using a library of eigenfunctions. We describe an expert system, USFKAD, that has been constructed for this purpose.
PARTIAL DIFFERENTIAL EQUATIONS IN THE ENGINEERING CURRICULUM
Every practicing engineer whose specialty involves modeling of physical phenomena, such as electromagnetic fields, temperature, sound, stress and strain, fluid flow, diffusion, etc., has to deal with the mathematical syntax of the discipline -the partial differential equation (PDE). For example, the electrical engineering undergraduate lecturer in electromagnetics, semiconductor processing, thermal issues in electronic packaging, etc. should be able to call on this mathematical concept, at least peripherally, to provide the students some familiarity with the technical issues involved in the quantitative models. However, this subject (PDEs) is vast and complicated, and compromises have to be made in incorporating it into the undergraduate's curriculum. A 2-semester course that deals honestly and rigorously with the subject is out of the question.
The compromises presently employed at undergraduate institutions are:
(1) A short treatment of PDEs that relies completely on numerical solvers; or (2) A brief tutorial that covers the basics of the separation of variables technique.
Each of these is unsatisfactory. (1) is inferior to (2) because, even with the graphic capabilities of today's hardware and software, it is extremely difficult for an inexperienced undergraduate user to tell, from a vast assemblage of tabulations and graphs, how the solutions will respond to changes in the boundary conditions or the physical dimensions -issues of prime importance to engineering. For example consider the frequency of the resonant mode of a rectangular cavity with sides X, Y and Z given by
. This is not a terribly complicated formula, but contemplate trying to deduce it from graphs! The eigenfunction expansions yielded by (2) do reveal these dependencies (and are exact). The drawback of this solution procedure is the lack of time to impart expertise in its implementation except for a few elementary cases -rectangular geometries and ideal conductors, for instance. The electrical world of cables, motors, and antennas is replete with cylindrical and spherical devices made of lossy materials, whose analyses entail Bessel functions and transcendental eigenvalue equations. The present-day curriculum has no room for the mastery of the "special functions" that occupied the toolbox of the 1950s engineer. On the other hand, usually it is well within the capability of senior undergraduates to observe and verify most features of an eigenfunction solution expansion. Therefore an expert system, USFKAD, for partial differential equations that can automatically cull, from a library of about 200 eigenfunctions, the assemblage constituting the solutions to explicit problems would be a powerful enabler for undergraduate engineering training:
1. It would allow engineering analysis/design to proceed efficiently without being sidetracked by concerns of mathematical solvability;
2. It would cut across many engineering disciplines;
3. It could be used to give a perspective on the separation-of-variables technique itself, by enabling "reverse-engineering" of the explicit solution formulas.
In fact it would also be a research tool that the engineer could continue to use in his professional career. Eigenfunction expansions are integral to the mode-matching procedure that is used in contemporary computational electromagnetism. And indeed, virtually every technical paper describing a new numerical solver compares its results with eigenfunction expansions, as testament to its accuracy.
PDE SOLUTION STRUCTURES
USFKAD is based on the theme that the mathematical structure, afforded by superposition, of the eigenfunction method for solving the separable PDEs of engineering can be expressed by a compact, universal, inviolate, and reasonably lucid algorithm [1] ; its formidability lies only in the details of its implementation -that is, in the enormous variety of eigenfunctions that must be employed for the curvilinear geometries. Thus it is feasible to contemplate a smart computer program that exploits this structure judiciously to select, from a library of eigenfunctions, the assemblage constituting the solutions to problems with explicit initial/boundary conditions.
In the following, a list of examples of PDE solutions will be presented that progressively demonstrate the decisiontree nature of the general separation of variables procedure. (In fact, this will exemplify our thesis that by reverseengineering explicit solution formulas one can experience a tutorial intercourse with the procedure itself.)
Example 1
Steady state heat flow in a rectangle with edge and interior heat sources (nonhomogeneous Laplace/Poisson equation in two dimensions, rectangular coordinates, Dirichlet conditions on two sides, Neumann conditions on two sides):
The USFKAD solution is as follows: 
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The USFKAD solution: continuous, rather than discrete, spectrum. (Other than [2] , the Lebedev expansions do not appear in any English language mathematics textbook except [3] , where their correctness is betrayed by a persistent systematic error in the tabulations. Their omission is probably due to their intimidating nomenclature {note the analytic continuation of the subscript into the complex plane}. Ignoring them is, however, criminal, because {as we see} they occur in realistic problems; indeed, in the analysis of edge diffraction [2] they are crucial.) 
THE STATE OF THE ART
Software for obtaining (analytic) solutions to ordinary differential equations exists in several forms, including Mathematica® and MAPLE ® . It has not received universal adoption because extensive training in ordinary differential equations is already part of the required curriculum for all SMET (Science, Mathematics, Engineering, and Technology) students. For partial differential equations, MAPLE's pdsolve is a step in the right direction, but its arcane solution format provides little assistance for a non-expert in fitting the initial and boundary conditions that determine such dependencies. An example of its output, the electrostatic potential inside a sphere with charges distributed on the surface is displayed below. It is expressed (correctly) in terms of hyper-geometric and complex signum functions. But comparing this with the more recognizable solution display using USFKAD, one can clearly see the obvious simplification and straightforwardness of the latter:
pdesolve Solution 
